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The glass transition is investigated in three dimensions for single and double Yukawa potentials
for the full range of control parameters. For vanishing screening parameter, the limit of the one-
component plasma is obtained; for large screening parameters and high coupling strengths, the
glass-transition properties crossover to the hard-sphere system. Between the two limits, the entire
transition diagram can be described by analytical functions. Different from other potentials, the
glass-transition and melting lines for Yukawa potentials are found to follow shifted but otherwise
identical curves in control-parameter space.
PACS numbers: 64.70.Q-, 66.30.jj, 64.70.ph, 64.70.pe
I. INTRODUCTION
The physics of ordered (crystals) and disordered
(glasses) solid states and their interrelation has been sub-
ject to investigations in various model systems [1, 2].
Such model systems capture typical features of more
complex matter and often allow for the variation of the
interparticle interactions to explore physical regimes oth-
erwise not accessible. A qualitatively strong variation
concerns the distinction between hard and soft repulsion
as in the Yukawa potential which describes the range
from excluded-volume to charge-based interactions.
Yukawa potentials are realized in both colloidal sus-
pensions [3–5] and complex plasmas [2], and since in
complex plasmas the damping can be tuned, this of-
fers a way for the comparison of Brownian and New-
tonian dynamics with the same particle-particle inter-
action in experimental systems [6]. While in sterically
stabilized colloidal suspensions, the interaction can typ-
ically be well-approximated by the hard-sphere interac-
tion [1], for charged particles in suspensions, hard-sphere
plus Yukawa interaction is more appropriate. In complex
plasmas, the average interparticle distance compared to
the particles’ diameters is typically large enough to allow
for an approximation of point-like particles and hence
a screened Coulomb potential for point particles is ap-
propriate. In addition to the screening length, in com-
plex plasmas also a second repulsive length scale arises
from the non-equilibrium ionization-recombination bal-
ance [7, 8] which gives rise to a double Yukawa potential
at interparticle distances r as
U(r)
kBT
=
Γ
r
[exp(−κr) + ǫ exp(−ακr)] . (1)
Distance r is given in units of the mean interparticle dis-
tance 1/ 3
√
ρ with the density ρ = N/V forN particles in a
volume V . The coupling parameter is Γ = Q2 3
√
ρ/(kBT ),
with the charge Q, and κ = 1/(λ 3
√
ρ) is the inverse of the
screening length λ. The second (longer-ranged) Yukawa
potential is specified by a relative strength ǫ, and a rela-
tive inverse screening length α < 1. In the limit of van-
ishing screening, one recovers the one-component plasma
(OCP), the simplest model that exhibits characteristics
of charged systems [9]. Motivated by the success of mode-
coupling theory for ideal glass transitions (MCT) for the
hard-sphere system (HSS), cf. [10], in the following,
the glass-transition shall be calculated within MCT [11].
Since for time-reversible evolution operators, i.e., Newto-
nian and Brownian dynamics, the glassy dynamics within
MCT are identical [12], the calculations are applicable to
both complex plasma and charged colloids.
II. METHODS
We consider a system of N point-like particles in a
volume V of density ρ = N/V interacting via the pairwise
repulsive potential in Eq. (1). We investigate the glass
transitions in two cases: the single Yukawa (ǫ = 0) and
the double Yukawa potential (ǫ > 0). Within MCT, the
glass transition is defined as a singularity of the form
factor fq = limt→∞ φq(t) that is the long-time limit of the
density autocorrelation function. In the liquid state, fq
is zero, while in the glass state, fq > 0. At the transition,
the form factors adopt their critical values f cq ≥ 0. fq is
the solution of [13]
fq
1− fq = Fq[fk] , (2)
which is the long time limit of the full MCT equations
of motion. fq is distinguished from other solutions of the
Eq. (2) by its maximum property, thus it can be calcu-
lated using the iteration f
(n+1)
q /(1 − f (n+1)q ) = Fq[f (n)k ]
[14] with f
(0)
k = 1 and the memory kernel given by
Fq[fk] = 1
16π3
∫
d3k
SqSkSp
q4
[q ·kck+q ·pcp]2fkfp , (3)
2where p = q − k; all wave vectors are expressed in nor-
malized units. Note that the number density does not
appear explicitly in the kernel Fq, since we express the
length scales in units of 1/ 3
√
ρ.
The only inputs to the Eq. (3) are the static structure
factors Sq. The Fourier transformed direct correlation
functions cq, are related to structure factors through the
Ornstein-Zernike (OZ) relation
γq =
c2q
1− cq , (4)
where the spatial Fourier transform of γq is γ(r) =
h(r)−c(r) and h(r) is the total correlation function which
is related to structure factor through Sq = 1 + hq. We
close the equations by the hypernetted-chain (HNC) ap-
proximation,
c(r) = exp [−U(r)/(kBT ) + γ(r)]− γ(r)− 1 , (5)
where U(r) is the interaction potential. It was found ear-
lier that HNC captures well various structural features
for repulsive potentials, especially also for the OCP [15].
For the HSS, the quality of HNC is known to be inferior
to the Percus-Yevick (PY) approximation in certain ther-
modynamic aspects [9], so we expect HNC to vary in per-
formance for different parameter regions of the Yukawa
potentials in Eq. (1).
We solve Eq. (4) and Eq. (5) by iteration and use the
usual mixing method in order to ensure convergence [9].
We iterate n times from an initial guess, c(0)(r), until a
self-consistent result is achieved, i.e.,
[∫ R
0
|c(n+1)(r) − c(n)(r)|2 dr
]1/2
< δ, (6)
with δ = 10−5, where R is the cut-off length of c(r). We
employ R = 47.1239 and a mesh of sizeM = 2396 points.
Consequently, the resolution in real and Fourier space is
∆r = R/M = 0.0197 and ∆q = π/R = 0.0667, respec-
tively. We use an orthogonality-preserving algorithm for
the numerical calculation of Fourier transforms [16]. For
a particular κ we begin the computation of c(r) at a
small coupling parameter Γ, successively increase Γ, and
use the outcome as an initial guess for the subsequent
calculation.
III. SINGLE-YUKAWA POTENTIAL
A. Glass-Transition Diagram
The MCT results for the single Yukawa case are shown
in Fig. 1. The filled circles for different Γ and κ indi-
cate the glass transition points calculated by Eq. (2).
For κ → 0, the glass transition for the OCP limit is
found at ΓcOCP = 366. When screening is introduced
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FIG. 1. Glass-transition diagram for the single Yukawa poten-
tial (filled circles). Transition points are shown together with
the full curve exhibiting Eq. (7). For comparison, a similar
curve is shown for the melting of the crystal.
for κ > 0, the glass-transition line moves to higher crit-
ical coupling strengths Γc(κ). Figure 1 shows for ref-
erence the melting curve for weakly screened Yukawa
systems, described by Γ(κ) = 106 eκ/
(
1 + κ+ κ2/2
)
[17, 18]. This expression has been suggested originally
on the basis of the Lindemann-type arguments, cf. [19].
The Lindemann criterion states that the liquid-crystal
phase transition occurs when in the crystal the root-
mean-square displacement 〈δr2〉 of particles from their
equilibrium positions reaches a certain fraction of the
mean interparticle distance. Within the simplest one-
dimensional harmonic approximation this yields the scal-
ing U ′′(r = 1)〈δr2〉/T ≃ const., where primes denote the
second derivative with respect to distance. Applied to the
Yukawa interaction this leads to the melting curve above,
where the value of the constant is determined from the
condition Γ ≃ 106 at melting of the OCP system (κ = 0)
[20]. This expression for the melting curve is widely used
due to its particular simplicity and reasonable accuracy:
Deviations from numerical simulation data of Ref. [21] do
not exceed several percent, as long as κ . 8. Moreover,
similar arguments can be used to reasonably describe
freezing of other simple systems, e.g. Lennard-Jones-type
fluids [22]. Remarkably, when comparing the predicted
glass-transition with the melting curve, one observes that
both transition lines run in parallel. The glass-transition
line is described by the function
Γc(κ) = ΓcOCP e
κ
(
1 + κ+ κ2/2
)−1
, (7)
which is shown as solid line in Fig. 1, i.e., the glass tran-
sition is found at 3.45 of the coupling strength of the
melting curve.
The fit quality given by Eq. (7) is remarkable for two
distinct reasons: First, the potential changes quite dras-
tically along the line from a long-ranged interaction at
low κ to the paradigmatic hard-sphere system at very
3large κ to be detailed below. Such simplicity along
control-parameter dependent glass-transition lines is not
to be expected and not observed for other potentials, cf.
the square-well system [23, 24]. Second, the non-trivial
changes along the transition lines are apparently quite
similar for the transition into ordered and disordered
solids alike, and Eq. (7) applies to both. For the men-
tioned square-well system, ordered and disordered solids
have no such correlation [24].
Since both MCT and the structural input involve ap-
proximations, typically the glass transitions are found for
higher couplings than predicted, the deviation is around
10% in the densities for the HSS [11]. While one can ex-
pect that absolute values for transition points need to be
shifted to match experimental values [10], the qualitative
evolution of glass-transition lines with control parame-
ters is usually quite accurate and even counterintuitive
phenomena like melting by cooling have been predicted
successfully [23]. Hence, we assume the description of
the liquid-glass transitions in the single Yukawa system
to be qualitatively correct.
B. Glass-Form Factors
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FIG. 2. Critical glass-form factors fq for the glass transition
in the single Yukawa system. For increasing screening param-
eter κ, the inset shows the location of the respective transition
points on the MCT-transition line, cf. Fig. 1, with the same
symbols as in the main panel. The full curve shows the solu-
tion for the HSS within the HNC approximation. The result
for HSS within the PY approximation [14] is shown dashed.
The different points on the glass-transition lines shall
be discussed in detail in the following. For the well-
known case of the glass transition in the HSS, the critical
form factors are shown by a full curve in Fig. 2. Different
from earlier results calculated for Sq within the PY ap-
proximation [14], here we also show the HSS within the
HNC approximation to be consistent with the Yukawa
results. The control parameter for the HSS is the pack-
ing fraction ϕ = ρ(π/6) d3 with the hard-core diameter
d as the unit of length. For HNC, the transition point
is found at a packing fraction of ϕcHSS = 0.525. This
value as well as the behavior of fq in Fig. 2 is very close
in HNC and the PY approximation where ϕcHSS = 0.516
[14]. It is seen that the distribution of fq is dominated by
a peak at interparticle distances which indicate the cage
effect [11, 14]; oscillations for higher wave vectors follow
this length scale in a way similar to the static structure
factor. For both PY and HNC, the peak positions for fq
coincide, for the principal peak even the peak heights are
almost identical. For HNC, the fq are typically above the
PY solutions resulting in a 10% larger half-width of the
distribution of the fq for the HNC. The predicted devia-
tions between HNC and PY are mostly indistinguishable
when comparing to experiments except for the small-q
limit where experimental results favor the PY-MCT cal-
culation, cf. [11, 25].
For the Yukawa potential, overall the critical form fac-
tors exhibit similar features as for the HSS. Different from
the HSS, in the OCP limit the form factors vanish for
the limit q → 0. This anomaly for charged systems cor-
responds to the small wave-vector behavior in the static
structure Sq ∝ q2 for q → 0 [9]. Since in the OCP, mass
and charge fluctuations are proportional to each other,
the conservation of momentum implies the conservation
of the microscopic electric current, and hence no damp-
ing of charge fluctuations in the long wave-length limit.
Considering Eq. (3) we shall demonstrate, that fq ∝ q2
for small wave vectors.
Denoting θ as the angle between q and k we can ex-
pand the direct correlation functions as:
c|q−k| = ck − c′kq cos θ +
1
2
q2cos2θc′′k −
1
6
q3cos3θc′′′k (8)
where the primes represent the respective first, second
and third derivatives of ck with respect to k. Substituting
Eq. (8) into Eq. (3) leads to
Fq[fk]→ Sqα+ q2Sqβ , (9a)
where [26]
α =
1
4π2
∫ ∞
0
dkk2S2k[c
2
k +
2
3
kckc
′
k +
1
5
k2c′k
2
]f2k , (9b)
and
β =
1
4π2
∫ ∞
0
dkk2S2k[
1
3
c′k
2
+
1
28
k2c′′k
2
+
2
5
kc′kc
′′
k
+
1
3
c′kc
′′
k +
1
15
kckc
′′′
k +
1
21
k2c′kc
′′
k]f
2
k .
(9c)
The term linear in q in Eq. (9a) vanishes. Similarly, the
small-q expansion of the static structure factor in the
OCP reads [27]
S(q) =
q2
k2D
+
q4
k4D
[cR(0)− 1] +O(q6) (10)
4where k2D = 4πΓ represents the inverse Debye length,
and cR(q) = c(q) − cS(q) is the regular term of the di-
rect correlation function, assuming that at large distances
particles can only be weakly coupled, which creates the
singular term cS(q) = −U(q)/kBT . From Eq. (9a) and
Eq. (10) we get
Fq = q2 α
k2D
+ q4[
β
k2D
+
α
k4D
(cR(0)− 1)] +O(q6) . (11)
From Eq. (2) one can conclude that fq has the same limit
as Fq, hence we have shown that fq ∝ q2 for vanishing q.
For non-vanishing screening, κ > 0, the small-q behav-
ior of the form factors is characterized by finite intercepts
at q = 0. This regular behavior is ensured by the q → 0
limit of cSq = −4πΓ/(q2 + κ2). For larger wave vectors,
the fq first decrease in comparison to OCP – cf. κ = 5.7
(×) and 14.0 (H) in Fig. 2 – before increasing beyond the
OCP result for κ & 30. For very large screening, the form
factors of the Yukawa potential apparently approach the
HSS case.
C. HSS Limit
By setting U(deff)/kBT ∼ 1 for ǫ = 0 in Eq. (1) one
can define an effective diameter that becomes a well-
defined hard-core diameter for κ→∞. Along the glass-
transition line Γc(κ) the effective packing fraction and
diameter are given (with logarithmic accuracy) by
ϕceff =
π
6
(
ln Γc
κ
)3
, dceff = lnΓ
c/κ , (12)
where only the definition of the packing fraction has been
used. Figure 3 displays the effective packing fractions
along the single-Yukawa transition line up to κ ≈ 100.
For small κ, the large effective diameter yields consid-
erable overlaps among the particles and hence a pack-
ing fraction beyond unity. The effective hard-sphere di-
ameter can be seen in the inset of Fig. 3. For κ & 40
the Yukawa potentials’ effective diameter dceff reaches its
asymptotic value. Together with the findings on the fq
this establishes the crossover of the glass-transition prop-
erties of the Yukawa system to the hard-sphere limit. The
relation in Eq. (7) fits effective diameters and densities
well for smaller κ . 10 and underestimates the calculated
values for larger κ, as expected.
IV. DOUBLE-YUKAWA POTENTIAL
A. Glass-Transition Diagrams
Progressing towards the double Yukawa potentials, we
show in Fig. 4 the results of MCT calculations for the
same relative screening α = 0.125 and a weak (ǫ = 0.01)
as well as a strong (ǫ = 0.2) second repulsion. In both
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FIG. 3. Effective packing fraction ϕceff for Yukawa potentials
along the transition line in Fig. 1. The horizontal dashed line
shows the HSS-HNC limit of ϕcHSS = 0.525. The inset shows
the effective hard-sphere diameter, dceff = lnΓ
c/κ equivalent
to the effective densities. In both plots, the dotted curves
display the small-κ asymptotes derived from Eq. (7).
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FIG. 4. Glass transition diagram for double Yukawa poten-
tials with α = 0.125, ǫ = 0.2 (diamonds) and 0.01 (squares).
The single Yukawa data (filled circles) is shown together with
the analytical description by Eq. (7) (solid curve labeled
ǫ = 0). The single Yukawa points are scaled according to
Eq. (13) for ǫ = 0.2, and shown by open circles. Dotted and
dashed curves represent scaled versions of Eq. (7) for ǫ = 0.01
and ǫ = 0.2, respectively. The solid curves labeled ǫ = 0.01
and ǫ = 0.2, respectively, show the solution of Eq. (14).
cases, for small κ the transition lines start at OCP and
follow the single-Yukawa line. After a crossover regime,
for κ & 15 for ǫ = 0.01 and κ & 10 for ǫ = 0.2, the
transitions are described well by rescaling the original
single-Yukawa results according to
Γ′ = Γ/ǫ, κ′ = κ/α . (13)
In Fig. 4, scaling by Eq. (13) is demonstrated by trans-
forming the MCT results for ǫ = 0 (full circles) into a
5rescaled version (open circles) for ǫ = 0.2 which compares
well to the full MCT calculation for the double Yukawa
potential (diamonds). Similarly, formula (7) can be used
to describe all double Yukawa results for small screen-
ing lengths, and the results for large screening lengths
by scaling Eq. (7) with Eq. (13). The dotted and dashed
curves in Fig. 4 exhibit the scaled curves for ǫ = 0.01 and
0.2, respectively. The linear combination of the analyti-
cal descriptions for both length scales reads
Γc(κ)/ΓcOCP =
[
e−κ(1 + κ+ κ2/2)
+ǫ e−κα(1 + κα+ κ2α2/2)
]−1
,
(14)
and is demonstrated by the solid line for ǫ = 0.01 in
Fig. 4. It is seen that Eq. (14) describes the MCT re-
sults for double Yukawa potentials for the entire range of
control parameters including crossover regions. In con-
clusion, the MCT predictions for both single and double
Yukawa potentials can be rationalized by a single analyt-
ical formula (7) which traces the melting curve, captures
the interplay between large and small repulsive length
scales, and extends for all parameters from OCP to HSS.
B. Localization Lengths
Another length scale resulting from the dynamical
MCT calculations is given by the localization length.
It is defined from the long-time limit of the mean-
squared displacement δr2(t) = 〈|r(t) − r(0)|2〉 as rsc =√
limt→∞ δr2(t)/6. For the glass transition in the HSS,
MCT predicts a localization length within HNC of rcs/d =
0.0634. This scale is quite close to the classical result of
a Lindemann length [19].
For the single and double Yukawa potential, the evo-
lution of the localization length with κ is demonstrated
in Fig. 5. From a value of rcs = 0.070 for OCP, the local-
ization lengths increase for the single Yukawa potential,
reach a maximum around κ ≈ 10 and decrease to the
values for HSS for large κ. The maximum can be in-
terpreted as follows: The widths of the distributions in
fq seen in Fig. 2 correspond to an inverse length scale
equivalent to rs
c, and the smaller width of the fq mean
an increase of rs
c. For large κ, the localization length
needs to approach the HSS value, hence the rs
c decrease
again. Both trends together yield a maximum.
The localization lengths for the double Yukawa system
follows the single-Yukawa results for small κ . 5 as ob-
served in Fig. 4 and hence increases; for κ & 5, the dou-
ble Yukawa system approaches the scaled single-Yukawa
results shown by the circles. For larger κ, the evolution
follows the scaled single-Yukawa results and while deviat-
ing for κ & 50 from the scaled results, a scaled maximum
is reached around κ ≈ 80.
Altogether, the variation of the localization lengths
is around 10% which is small compared to other glass-
transition diagrams [24]. Hence we conclude that for
both single- and double-Yukawa potentials the MCT re-
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FIG. 5. Localization length for single Yukawa (full circles)
and double Yukawa (diamonds) potential with α = 0.125 and
ǫ = 0.2. The open circles show the single-Yukawa data scaled
according to Eq. (13). The horizontal dashed line shows the
HSS limit for rcs.
sults for the localization length are always close to the
values usually assumed for the Lindemann criterion.
V. CONCLUSION
In summary, we have demonstrated above the full
glass-transition diagram for the single and double
Yukawa systems. While some parallel running lines for
limited parameter ranges have been shown earlier for log-
arithmic core potential plus Yukawa tail [28, 29], here we
describe the transition diagrams by analytical formulae.
In particular it could be shown how the HSS limit contin-
uously evolves into the OCP limit. We have shown that
the glass-transition lines resulting from the combination
of HNC and MCT – two rather complex nonlinear func-
tionals – can be described analytically over their entire
range from the OCP limit for small κ to the HSS limit for
large κ. Qualitatively, the behavior of the transition line
can be estimated by the Lindemann criterion for melt-
ing [19], while quantitatively, glass transition and crys-
tal melting are following remarkably similar trends for
stronger coupling.
It is important to note that the present calculations
were performed for point particles with various degrees
of charging and screening. The limit of the HSS emerges
from that calculations without actual excluded volume in
the potentials. With the important difference of a finite
hard-sphere radius being present, the possibility that in
addition to a Coulomb crystal a dilute system of charges
may also form a Coulomb glass was explored in the re-
stricted primitive model for a mixture of charged hard
spheres [30] and the hard-sphere jellium model [31] as
well as for a system of charged hard spheres to describe
charge-stabilized colloidal suspensions [32]. In conclu-
sion, the present calculations offer exhaustive analyti-
6cal descriptions for glass transitions over a wide range
of quite different interaction potentials. The predictions
should motivate data collapse from computer simulation
and different experimental model systems in order to con-
firm or challenge the unified picture presented above.
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